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LOCALLY CONFORMAL HERMITIAN METRICS ON COMPLEX NON-KAHLER 

MANIFOLDS 

DANIELE ANGELLA AND LUIS UGARTE 


Abstract. We study complex non-Kahler manifolds with Hermitian metrics being locally conformal to 
metrics with special cohomological properties. In particular, we provide examples where the existence 
of locally conformal holomorphic-tamed structures implies the existence of locally conformal Kahler 
metrics, too. 


Introduction 

A central problem in Geometry is the search of the (notion of) “best” metric. In Kahler geometry, 
one is led to search Kahler metrics with special curvature properties. In this direction, the celebrated 
theorem by S.-T. Yau, [80], solving the Calabi conjecture, is one foundational example. But not every 
complex manifold admits a Kahler metric. Therefore, in complex non-Kahler geometry , one has the 
further problem of restricting the class of Hermitian metrics to a suitable sub-class. Such sub-classes are 
usually characterized by cohomological properties of their associated form. For example, on a complex 
manifold X of dimension n, the Hermitian metric associated to the (1, l)-form ui is called balanced if 
dw n_1 = 0 [56], pluriclosed if ddu; = 0 [20], astheno-Kahler if ddu> n ~ 2 = 0 [48], Gauduchon if ddu 71-1 = 0 
[40], and more generally k-Gauduchon for k € {1,..., n — 1} if ddu k A uj n ~ k ~ l = 0 [37]. 

Metrics being locally conformal to metrics with some special cohomological properties have arisen 
interest, too. A first reason is that, even if not every compact complex surface admits a Kahler metric (this 
depends on the parity of the first Betti number), many of them admit a metric being locally conformal to 
a Kahler metric [17]. A second reason is that one of the equations in the Strominger system in heterotic 
string theory [70] requires the existence of a metric being conformal to a balanced metric. As a third 
reason, P. Gauduchon proved in [40, Theoreme 1] that every Hermitian metric on a compact complex 
manifold has a standard representative (called Gauduchon metric) in its conformal class. 

In this note, we study complex (non-Kahler) manifolds with Hermitian metrics being locally conformal 
to metrics with special cohomological properties. In particular, we focus on locally conformal holomorphic- 
tamed (also called locally conformal Hermitian symplectic) structures, providing results and examples 
for which the existence of these structures assures the existence of a locally conformal Kahler structure. 
This happens for example for 6-dimensional nilmanifolds endowed with a left-invariant complex structure, 
(see Theorem 3.9,) while the Inoue surface provides a counterexample, (see [17, Theorem 7] and [11, 
Theorem 1.1]). A related question has been formulated in [11, Problem 1.3]. 

In Section 1, we consider locally conformal Kahler structures, see [31] and the references therein. 
By [75, Theorem 2.1, Remark (1)], locally conformal Kahler metrics on compact complex manifolds 
satisfying the dd-Lemma are in fact globally conformal to a Kahler metric. Hence, the deformations of 
the holomorphically parallelizable Nakamura manifold [61] investigated in [7] do not admit any locally 
conformal Kahler structure, see Example 1.3. They are not even in class C of Fujiki, see [7, Remark 
6.3]: this is in support to [65, Standard Conjecture 1.17], compare also [66, Question 1.5]. Finally, on a 
compact complex manifold with a locally conformal Kahler structure ui, we consider the commutation 
relations between the naturally associated twisted differential operators and the operators associated to 
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the pointly linear symplectic structure, providing a sort of Kahler identities for compact locally conformal 
Kahler manifolds, see Proposition 1.8, see also [77]. 

In Section 2, we consider metrics being locally conformal to a balanced metric. We prove that, as in the 
Kahler case, the property of the 99-Lemma on a compact complex manifold makes any locally conformal 
balanced metric to be in fact globally conformal balanced. In fact, the following stronger result holds. 

Theorem 2.5. Let X be a 2n-dimensional compact manifold endowed with a complex structure J such 
that the natural map Hgf, ,n (X) — » HX~ ,n (X) induced by the identity is injective. Then any locally 
conformal balanced structure is also globally conformal balanced. 

Here H^(X) := ker an jlg r d and H m '*(X) := denote, respectively, the Bott-Chem cohomology 

^ ^ im do o imo 

and the Dolbeault cohomology of X. In particular, the problem of the existence of balanced metrics on 
compact complex manifolds satisfying the 99-Lemma is reduced to the locally conformal level. However, 
to our knowledge there are no known examples of compact complex manifolds satisfying the 99-Lemma 
and not admitting a locally conformal balanced metric. 

Note that the map H r f } f,’ n {X) —► HfT l ' n (X) being injective assures that X satisfies the (n — l,n)-th 
weak 99-Lemma, as defined by J. Fu and S.-T. Yau in [38], but this weaker hypothesis does not suffice in 
Theorem 2.5, see Proposition 2.10. 

Once again in view of the study of special metrics on compact complex manifolds satisfying the 
99-Lemma, we study locally conformal balanced structures in connection with fc-Gauduchon metrics, [37], 
which provide a generalization of the notion of Gauduchon metrics, pluriclosed metrics, and astheno-Kahler 
metrics; see Proposition 2.11. 

In Section 3, we address, at the locally conformal level, a question by T.-J. Li and W. Zhang [54, 
page 678] and by J. Streets and G. Tian [69, Question 1.7]. More precisely, the “tamed to compatible” 
question by S. K. Donaldson [30, Question 2] asks whether, on a compact almost-complex 4-manifold, if 
there exists a taming symplectic structure (that is, a symplectic structure being positive on the complex 
lines), then there exists also a compatible symplectic structure (that is, a taming symplectic structure 
being invariant with respect to the almost-complex structure). The analogous question for non-integrable 
almost-complex manifolds of dimension higher than 4 has a negative answer, as follows from [57, 72] . On 
the other hand, in the integrable case, no example of compact complex non-Kahler manifolds admitting a 
taming symplectic structure is yet known, [54, page 678], [69, Question 1.7]. They are called non-Kahler 
holomorphic-tamed manifolds. In [9, Theorem 3.3], it is proven that no 6-dimensional nilmanifold endowed 
with a left-invariant complex structure admits a holomorphic-tamed structure, except for the torus. Such 
result has been generalized to the higher-dimensional case in [32, Theorem 1.3] (see also [33].) 

Analogously, in the locally conformal setting, one can ask the following. 

Question 3.14. For which compact complex manifolds, the existence of locally conformal holomorphic- 
tamed structures is equivalent to the existence of locally conformal Kahler structures? 

As shown in Theorem 3.16, and also [17, Theorem 7] and [11, Theorem 1.1], the answer to Question 
3.14 is not always positive. Indeed, the Inoue surface S^. pqr . t = r^Sol'i with t £ C \ K, (which 

corresponds to with q = — 1 in the notations of [44], see Table 1,) does not admit any locally conformal 
Kahler structure by [17, Theorem 7]. On the other hand, it admits locally conformal holomorphic-tamed 
structures. More precisely, during the preparation of this paper, a big progress on Question 3.14 has 
been announced by V. Apostolov and G. Dloussky in the case of compact complex surfaces: in fact, 
they proved in [11, Theorem 1.1] that any compact complex surface with odd first Betti number admits 
a locally conformal holomorphic-tamed structure. In particular, Theorem 3.16 can now be seen as a 
consequence of their result and of [17, Theorem 7]. 

The problem of studying locally conformal symplectic structures which are not locally conformal Kahler 
is investigated also by G. Bazzoni and J. C. Marrero, who provided in [15] an example of a 4-dimensional 
nilmanifold being locally conformal symplectic and admitting no locally conformal Kahler metrics. 

A class of manifolds for which Question 3.14 has a positive answer is provided by 6-dimensional 
nilmanifolds. 

Theorem 3.9. Let X be a 6-dimensional nilmanifold endowed with a left-invariant complex structure. If 
X admits a locally conformal holomorphic-tamed structure, then it admits also a locally conformal Kahler 
structure. In particular, either it is diffeomorphic to a torus, or to a compact quotient of H( 5) xR, where 
H( 5) is the five-dimensional Heisenberg group. 
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The proof is based on general results and on explicit computations. More precisely, one can view 
nilmanifolds endowed with left-invariant complex structures and with locally conformal holomorphic 
tamed structures as mapping tori over contact nilmanifolds, see Theorem 3.7, see also [14, 16]. This 
result is related to [53, Theorem 1, Theorem 2], where it is proven that compact co-symplectic manifolds 
are symplectic mapping tori, and compact co-Kahler manifolds are Kahler mapping tori. We further 
provide an obstruction to the differentiable structure underlying a 2-step nilmanifold endowed with a 
left-invariant complex structure and with a locally conformal holomorphic-tamed structure in Theorem 
3.8. 

As a further class of examples in view of Question 3.14, we study compact complex surfaces diffeomorphic 
to solvmanifolds, as classified by K. Hasegawa in [44]. 

Theorem 3.16 ( see also [17, Theorem 7] and [11, Theorem 1.1]). Let X be a compact complex surface 
diffeomorphic to a solvmanifold. Then X admits locally conformal holomorphic-tamed structures. Except 
in the case of Inoue surface of type with q 0, then X admits also locally conformal Kahler structures. 

Finally, we consider the 6-dimensional solvmanifolds endowed with an invariant complex structure 
with holomorphically trivial canonical bundle studied in [34], see also [63]. In a sense, they provide a first 
generalization of linear complex structures on nilmanifolds (see also [24, Theorem 3.1]). 

Corollary 3.18. Let X be a 6-dimensional solvmanifold endowed with an invariant complex structure with 
holomorphically trivial canonical bundle. Then, X admits a linear locally conformal holomorphic-tamed 
structure if and only if it admits a linear locally conformal Kahler structure. 

More precisely, there are only three complex structures in the classification given in [34] admitting 
locally conformal holomorphic-tamed structures, see Theorem 3.17. 
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1. Locally conformal Kahler structures 

Let I be a 2n-dimensional manifold endowed with a complex structure J. We recall that a locally 
conformal Kahler structure (shortly, IcK) on X is given by a positive real (1, l)-form w £ A k,1 X D A 2 X 
such that there exists d £ A 1 X with du = tlAw and d$ = 0, see, e.g., [31] and the references therein. 
The form d is called the Lee form associated to ui. If d is d-exact, then u> is called globally conformal 
Kahler (shortly, gcK). In fact, denote by g := w(-, J=) the J-Hermitian metric associated to J and u>. 
We note that, if d = d/ for some f £ C°°(X;R), then the metric exp (-f)g is a Kahler metric in the 
conformal class of g. In particular, by the Poincare lemma, every point has a neighbourhood U such that 
ui [_u is conformal to a Kahler metric on XJ. 

Remark 1.1. Let X be a 2?r-dimensional manifold endowed with a complex structure J and with a 
non-degenerate 2-form f l £ A 2 X. Consider the operator L := fl A -: A* X —> A* +2 X. Recall that, for 
any k £ Z, the operator L k : /\ n ~ k X —>■ A n+k X is an isomorphism, [79, Corollary 2.7]. Recall also that, 
for any k < n — s, the operator L k : A s X —> A s+2k X is injective, [79, Corollary 2.8]. It follows that: 

• if 2n = 4, then there exists always a (possibly, non d-closed) form d £ A x X such that d fl = d A fl; 

• if 2n > 4, then the existence of d £ A x X such that dfl = d A fl implies also that di? = 0. 


Define the operator 


d# := d-i?A-: A* X —► A* +1 A1 . 


With these notations, the condition dw = d A ui can be written as d# u> = 0. Note that, since dd = 0, 
then d$ = 0, and hence one can define the cohomology 


h;(x) 


ker d,j 
im d$ 


Note that, in fact, up to a gauge transform, H*(X) does not depend oniie A 1 AT fl kerd but just on 
[i?] £ Hj R (X;M). In fact, for f £ C°°(X;K), one has 


dtf+d/ = exp(/) • d,? (exp(—/) ■ -) . 
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1.1. Locally conformal Kahler structures and dd- Lemma. We recall the following theorem by I. 
Vaisman. 

Theorem 1.2 ([75, Theorem 2.1, Remark (1)]). Consider a compact complex manifold satisfying the 
dd-Lemma. Then any IcK structure is also gcK. 

The argument in [75, Theorem 2.1] uses that the Bott-Chern cohomology class of d Jd £ A 1,1 X 
vanishes, where d is the Lee form of the IcK structure and J denotes the complex structure of X. This 
holds in particular if the natural map H\ l j c (X) —> H% R (X;C) induced by the identity is injective. In §2.1, 
we will prove the following result with a weaker hypothesis than satisfying the dd-Lemma. 

Proposition 2.7. Let X be a compact complex manifold of complex dimension n such that the natural 
map H R jj L,n (X) —> HL~~ 1,n (X) induced by the identity is injective. Then any IcK structure is also gcK. 

In the following example, we consider the deformations in class (1) of the holomorphically-parallelizable 
Nakamura manifold investigated in [7]: they do not admit any IcK structure. In fact, we note that 
they are compact complex non-Kahler manifolds satisfying the dd-Lemma, except for the central fibre. 
Furthermore, they are not in class C of Fujiki, they admit a left-invariant balanced metric, they admit no 
pluriclosed metric, they admit no left-invariant 1G metric (see §2.3 for definitions). 

Example 1.3. Consider the holomorphically-parallelizable Nakamura manifold, [61, §2], see also [28, 
§3], namely, (X, J 0 ), where X := T\G is the quotient of the solvable group 

G := Ck 0 C 2 with := ^ ^ 

by a lattice T in G, and Jo is the natural complex structure induced by the quotient. 

By considering a set {A 1 , z 2 , z 3 } of local holomorphic coordinates on G, a G-left-invariant co-frame for 
Tj’ o °X is given by 

r 4>i ■■= d* 1 

J cf 2 := e"* 1 dz 2 , 

l $ := e* 1 dz 3 

with structure equations 

( d(j)l = 0 

J d <j% = . 

I d 4>l = f>l a 4>l 

As in [7, §4], consider the curve {Jt} t£ A(o e )> ^ or e > Oi °f complex structures on X given by deforming 
the complex structure Jo of the holomorphically-parallelizable Nakamura manifold in the direction 
t (gidz 1 £ Hj^(X-Tj^X). Such deformations are denoted as case (1) in [7], where it is proven 
that, for t ^ 0, the compact complex manifold (X, J t ) satisfies the dd-Lemma, [7, Proposition 4.1]. For 
t £ A(0,e), the complex structure J t is associated to the G-left-invariant co-frame |<^, </> 2 , <(> 3 } of Xjj 0 A' 
with structure equations 

r d <j>\ = o 

| d $ = ~(j>\ A $ + t $ A 4>l , 

1 d $ = </>t A $ - t <t>\ A ft 

see [7, Table 3]. 

Note that, for t £ A(0,e), the complex structure Jt does not admit any Kahler metric; more precisely, 
X does not admit any Kahler structure, [28, Theorem 5.1]. We claim that (A, J t ) is not in class C of 
Fujiki, [39], see also [7, Remark 6.3], even if it satisfies the dd-Lemma for t 0. (See also [12, Theorem 
9], [19, Theorem 1.1], or [8, Theorem 3.3]) 

Indeed, consider the G-left-invariant real (l,l)-form 

L0 t ■= i (A A (j>\ + B $ A + C $ A $) 

+ (Dcf] Atf-DtfA ft) + Atf-EtfA ft) + (F A $ - F $ A 0 2 ) , 
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with A,B,C £ M and D,E,F £ C. The form u t is positive (i.e., it is the (1, l)-form associated to a 
Jt-Hermitian metric) if and only if, [73, page 189], 

' A>0 

B > 0 

C> 0 

< AB>\D\ 2 
AC > \E\ 2 
BC > \F\ 2 

ABC +2Re(iDEF) > C\D\ 2 + A\F\ 2 + B\E\ 2 
A straightforward computation gives 

dtdtujt = -i(l + t)(l + t) (b# 2I3 + C7# 313 ) +(-l + t)(-l+t) (f - F , 


where we have shortened, e.g., 4>j 213 := ^ A ^ A A 

Take, e.g., F = 0 and A = i? = C = 1. For such values, i 9 t 9 t w t > 0, therefore, by [26, Theorem 2.3], 
it follows that (A, J t ) is not in class C of Fujiki. 

As a different argument to prove the non-Kahlerianity of Jt, we note that, by the F. A. Belgun 
symmetrization trick, [17, Theorem 7], if (A, J t ) admits a Kahler metric, then it admits also a G-left- 
invariant Kahler metric. And hence, in particular, it admits a G-left-invariant pluriclosed metric, as well 
as a G-left-invariant 1G metric. On the other side, for the generic u>t as above, we compute 

dtdtUt A ojt = 2 ((1 + t) (1 + t) BC + (—1 -I- t) (—1 + t) | J 7, |“) <j)\ 23 ^~ 3 . 


Now note that, since 0 < 


IQ 2 

BC 


< 1, then 


(1 + t) (1 + t) + (—1 + t) (—1 + t) 


\Ff 

BC 


> 


(1 + |1| 2 ) (l+^) + 2Ret(l-^) 

(1 + |1| 2 ) ( 1 +^)- 2 l^ 1 -^) 

I FI 2 

(l-[t|) 2 + (l + l*l) 2 U7 


> 0, 


providing that there is no G-left-invariant 1-Gauduchon metric for t £ A(0,e). 

Note also that the condition d t d t oj t = 0 for the generic w t implies B = C = F = 0. In particular, 
(A, J t ) does not admit any G-left-invariant pluriclosed metric, and hence, again by the F. A. Belgun trick, 
[17, Theorem 7], it admits no pluriclosed metric. 

Finally, aside, note also that the J t -Hermitian metric with associated (1, l)-form := 
i ( 4>\ A cj)] + (j) 2 A (j) 2 + (j) 3 A (j 3 ) is a G-left-invariant balanced metric on (A, J t ), for t £ A(0, e). 

Since (A, J t ), for t £ A(0,£) \ {0}, satisfies the 99-Lemma but admits no Kahler structure, by [75, 
Theorem 2.1], it follows that it admits no lcK structure. 


1.2. Kahler identities for locally conformal Kahler structures. Let A be a 2n-dimensional mani¬ 
fold endowed with a complex structure J and a lcK structure w. Denote by d £ A X A the Lee form of 

LO. 

Consider the operator 

L := wA-: A* A —► A ,+2 A . 

Since ui is non-degenerate, one can define the operator 

A := - iu) -i : A* A —> A*~ 2 A . 


Consider also the operator 

H := ^(n~k)TT Akx : A* A —A*A , 
fcez 

where 7r A k X - A* A —> A fe A denotes the natural projection. One has that (L,A,H) is a st(2;C)- 
representation of A*A C, see [79, Corollary 1.6]. In particular, one defines the space of primitive 
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forms , namely, P k X := ker A[_ A fcx= ker L n fc+1 |_A fc ;Y> [79, Corollary 2.6], and there holds the Lefschetz 
decomposition 

A* AT = 0 L k P*~ 2k X , 
fee z 

see [79, Corollary 2.6]. 

We recall the following results. 

Lemma 1.4 ([79, Corollary 2.8, Corollary 2.7]). Let X be a 2n-dimensional manifold endowed with a 
non-degenerate 2-form LI £ A 2 X. Consider the operator L := Cl A A* X — A* +2 A. The operator L k is 
injective on A S X for k < n — s. The operator L k : A n ~ k X —> A n+k X is an isomorphism for any k £ Z. 


Lemma 1.5 (Weyl identity, [46, Proposition 1.2.31]). Let X be a 2n-dimensional manifold endowed with 
a non-degenerate 2-form Cl £ / \ 2 X. Consider an almost-complex structure J on X such that g := 12(-, J-) 
is a J-Hermitian metric on X, see [23, Corollary 12.7]. Consider the operator L := CIA-: A*X —► A* +2 X, 
and the Hodge-*-operator *: A* X —> A 2n ~*X associated to g. Then, for any j £ Z and k £ Z, the Weyl 
identity holds: 


*V[ pkx = (-1) 


fc(fc + l) 


j! 


L n- k -jj 


(n — k — j)\ ipkx 

Lemma 1.6 ([79, Lemma 2.3]). Let X be a 2n-dimensional manifold endowed with a non-degenerate 
2-form Cl £ A 2 X. Consider the operators L := Cl A - : A* X —> A* +2 X and A := —l u -i : A* X —> A*~ 2 X. 
Then, for any j £ Z, 

\L j , A] = j (k — n + j — 1) IP -1 . 


We recall that, for p £ A 1 A such that dp = 0, the differential operator d^: A* X —> A* +1 AT is defined 
as d^ := d—p A-. If J denotes an almost-complex structure, then 

d^ := J~ 1 d ri J . 

In [77], the following commutation result, concerning L, holds, more in general, for a locally conformal 
symplectic (shortly, les) structure on a manifold A', namely, a non-degenerate real 2-form 12 £ A 2 X such 
that d 12 = d A Cl with cl d = 0. 

Lemma 1.7 ([77, Equation (2.5)]). Let X be a manifold endowed with a les structure 12. Consider the 
operator L 12 A -: A* X —*• A* +2 A'. Then, for any k £ Z and l £ Z, 

d L k = L k d« . 

We prove now the following commutation result concerning A: it could be compared with the Kahler 
identities in the Kahler case. 


Proposition 1.8. Let X be a 2n-dimensional manifold endowed with a complex structure J and a IcK 
structure lo £ A 2 X with Lee form id £ A 1 A' (~l kerd. For any j £ Z and k £ Z and t £ Z, it holds 


(A d*9 — d(^„i)^ A) [ 


Li P k X 


= - d 1 


0 


(n+£— k— 2j)-d 


)‘[ 


Li P k X 


Proof. Consider a^ £ P k X, and consider the Lefschetz decomposition of d^_^ £ A k+1 X: 


d v-waM = J2L h ^ k+1 ~ 2h ^ 


h£L 


where p^ k+1 2h l £ P fc+1 2h X. By computing 


0 = d {e - j+ n-k+i)oL n - k+1 aW = L n ~ k+1 d {i . 


j)& 


Jk) 


_ "y j^n-k+l+hp(k+l 


-2 h) 


one gets that L n k +i+ h pik+i 2h ) = o for any h £ Z. In particular, since L e [ A s x is injective for l < n — s, 
see [79, Corollary 2.8], one gets that p( k + 1 ~ 2h ) = o for any h> 2. Therefore we reduce to 

d a {k) = /3 (fc+1) + Lp^- 1 ') . 

We compute: 

Ad w (PqW) = KU d ( *_,-)* a (fe) = + Mj +x ^ h ~ x '> 

= L j Ap (k+1 '> - j(k + 1 -n + j- 1 )L j - 1 p < - k+1) + L J ' +1 A^ (fe " 1) - (j + 1 ){k - 1 -n + j)L j P {k ~ 1) 
= -j(k -n + j)U~ 1 p (k+1) - (j + l)(jfe -n + j - 1 )Vp( k ~ 1) 
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and 


Hence 


d ( /_ 1)tf A (ISaW) = d (/ _ 1)tf VAa™ - j(k -n + j- 1 ) d (/ _ 1} * 

= -j(/c - n + j - 1)L J_1 d(^_ i) ^a (fc) 

= -j(fc -n + j- i)L j - 1 /3 ( ' k+1 ' ) - j{k -n + j- 1 )L j /3 {k ~ 1) . 

(Ad M -d {e _ m A){VaW) = -jV-'^+V + {n-k-j + l)^/#- 1 ) . 

On the other hand, we compute 

(d c (n+e _ k _ 2j) o) * (W fe) ) = * J - 1 d {n+t _ k _ 2j)i) J * Li a (‘) 

= (-^^ (n-fc-j)! * - 7 " 1 <*("+<-*-«)* JL n ~ k ~ j Ja <*> 


( _l)^i) +fc _j! T l 


{n — "k — j)\J 1 * d (n+<-k- 2 ,-)* 


L n-k-j a ( k ) 


( — 1 ) fc(fc 2 +1) +fc__ 7 -! * T n ~ k ~ 


(n — k — j)\ 


J-'-*L n ~ k -idu- j)< >oF> 


H^ +k _j!_ T —i 

1 j (n — k — j)\ 

+ {k f 1] +k 3 


J- 1 * L n ~ k ~ j p( k+1) 


+ (-l) MA 5 tll + fc 7 - J - -- J " 1 * £,n-*-J+l 0 (*-l) 

{n-k- j)\ 


(- 1 ) 


^±H+fc 3 ! 

(n — k — 


k(k+i) . , 7? 

+ (_i)^^+fc J 




( _1) ^+ fc+ (, +2 h, + „ j-r JL j-i^k+i) 
+(-l) (n _ fc _ 5 + i) j-i 

-jL J - 1 /3 (fc+1) + (n — fc — j + l).L J '/3 (Jfe - 1) . 


Comparing the two expressions, we get the statement. 


2. Locally conformal balanced structures 

Let X be a 2n-dimensional manifold endowed with a complex structure J. A locally conformal balanced 
(shortly, leb) structure on X is the datum of a positive real (l,l)-form u £ A x,1 X n A 2 X (that is, 
g := u>(~, J- ) is a J-Hermitian metric on X) such that there exists d £ A x X satisfying 

dw "' 1 = tfAw "' 1 and dr? = 0 , 

see, e.g., [55]. Note that a lcb structure is just the datum of a Hermitian metric being locally conformal 
to a balanced metric. The form i9 is called the associated (balanced) Lee form. A globally conformally 
balanced (shortly, gcb ) structure is a lcb structure such that the associated Lee form is d-exact. 

Obviously, in dimension 2n = 4, the notions of lcK structure and of lcb structure coincide. On the 
other side, if w is a lcK structure on X , then note that dw " _1 = (n — 1) d A aj n ~ 1 . Therefore we have the 
following obvious result. 

Proposition 2.1. Let X be a complex manifold. A lcK structure is also lcb. Furthermore, a lcK structure 
is gcK if and only if it is gcb. 

Remark 2.2. We note that the property of being lcb is a conformal property of Hermitian metrics on 
complex manifolds. 
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Remark 2.3. Let A' be 2n-dimensional manifold endowed with a complex structure. Suppose n > 4. 
Consider a Hermitian metric g with associated (1, l)-form to. Fix s £ {2,..., n — 2}. Suppose that there 
exists ?9( s ) £ A 1 A such that 

dw s = i)( s )Aw s with dd( s ) = 0. 

Then we can write this equality as 

(s d u — i?( s ) A ui) A a/ -1 = 0. 

Since the map L^\ A 9 A —> A 9+2 A is injective for any q < n — 1, and : /\ n_s+1 A —> A n+S_1 A' 
is an isomorphism, see, [79, Corollary 2.8, Corollary 2.7], we have that L w s- 1 : A 9 A —>■ A 9+2s_2 A is 
injective for every q < n — s + 1. Since sdu - d A w is a 3-form in the kernel of L u s- 1 , and since 
3 < n — s + 1, then necessarily du = (' $( s )) A w, i.e., the structure u is lcK. 

Remark 2.4. Let A be 2?r-dimensional compact manifold endowed with a complex structure J. Consider 
a lcb structure w on A, and let d £ A 1 A be the d-closed 1-form such that dw" _1 = d A w n_1 . Consider 
the J-Hermitian metric g := w(-, J=) associated to w, and denote its Levi Civita connection by V ic . 
Note that, if X LC d = 0, then in particular d is harmonic with respect to w. In particular, g is also a 
Gauduchon metric. More precisely, by [40, Theoreme 1], in the conformal class of any lcb structure, there 
is at most one lcb structure with parallel Lee form, being the Gauduchon metric. 

2.1. Locally conformal balanced structures and 59-Lemma. As in [75, Theorem 2.1, Remark (1)], 
we have the following result. 


Theorem 2.5. Let X be a 2n-dimensional compact manifold endowed with a complex structure J such 
that the natural map ’ n (X) -A HL 1,ra (A) induced by the identity is injective. Then any lcb structure 
is also gcb. 


Proof. Consider a lcb structure ui on A, and denote by g := w(-, J=) its associated J-Hermitian metric. By 
[40, Theoreme 1], in the conformal class of g, there exists a metric g := exp(/)<? being Gauduchon, where 
/ £ C°°(A; M) is a smooth real function on A. That is to say, the (1, l)-form oj = exp (f)Cb associated to 
g satisfies 99w" -1 = 0. 

Consider the form 9w™ _1 £ A n_1,n A. Being 9-closed and 9-closed, it defines a class in A). The 

form dw 11-1 being 9-exact, its class in the Bott-Clrern cohomology maps to the zero class in the Dolbeault 
cohomology group HL~ 1,n (X) under the natural map induced by the identity. By the hypothesis, it 

follows that [9w n_1 ] £ (X) is the zero class in the Bott-Chern cohomology, that is, there exists 

77 £ A"- 2 ’"" 1 A such that 

du n ~ l = — ddrj . 

The structure w is still lcb, see Remark 2.2. That is, there exists a d-closed 1-form d £ A 1 A such 
that du n_1 = d A w ra_1 . Consider the splitting d = d 1,0 + d 1 ' 0 , where d 1,0 £ A 1,0 A. Note that, d being 
d-closed, then dd 1,0 = 0. In particular, we have 

a / 1 - 1 = Paw ”- 1 . 


By comparing the two expressions for doj n 1 and by wedging with d 1, , we get 

^ApAw"- 1 = d {dg A d 1,0 ) , 


since dd 1,0 = 0 and dg A t? 1,0 £ A n 1,n X. 

We claim that 

i^ApAw "- 1 = 

for a smooth real non-negative function ip on A, and that if is zero at every point if and only if 
i? 1,0 = 0. Indeed, since w is non-degenerate, there exists a unique smooth real function ip on A such that 
i 7? 1,0 A d 1 ’ 0 A w n_1 = ipoj n , and it suffices to prove that ip is pointly non-negative and that ip(x) = 0 
at a point a; £ A if and only if t? 1,0 La;= 0. Fix a point a; £ A and consider a basis {r 1 ,..., r"} of the 
C-vector space ( Tf’°X)* such that ai[ x = i A i ^ A with Aj > 0. Let ai,...,a„ £ C be such 

that d 1,0 [ x = a k r k . Then we compute 


i d 1 ’ 0 A t?i-° A u n 


-l 



A t 1 A 


Ar"Ar" = 


E 

k =1 


|a*r 


( w ") L 


This proves the claim. 





Now, by the Stokes theorem, we get 

0 = i f d (dr) A i? 1,0 ) = [ = [ pw n . 

J X J X J X 

Hence ip is zero at every point, from which it follows that i9 1,0 = 0. This means that g is actually balanced, 
and hence u> is a gcb structure. □ 

Remark 2.6. Note that the property that the natural map Hfff, 1 ' n (X) —> induced by the 

identity is injective in Theorem 2.5 is weaker than the property of satisfying 99-Lemma. For example, 
consider the completely-solvable Nakamura manifold endowed with the complex structure in case (it) 
as in [49, Example 1] (where it is denoted as case (B)), and [6, Example 2.17], see [61, Example 1[. Its 
Dolbeault cohomology is computed at [49, page 445], and its Bott-Chern cohomology is computed in [6, 
Table 5]. It follows that it does not satisfy the 99-Lemma, but the natural map H PC (X) —>■ H^' 3 (X) is 
an isomorphism. 

As a corollary, we get the following, to be compared with [75, Theorem 2.1, Remark (1)]. 

Proposition 2.7. Let X be a compact complex manifold of complex dimension n such that the natural 
map H p ff L,n (X) —> H^~ 1,n (X) induced by the identity is injective. Then any IcK structure is also gcK. 

Proof. Let u be a IcK structure on the complex manifold X. By Proposition 2.1, uj is also lcb. By 
Theorem 2.5, io is gcb. Again by Proposition 2.1, it follows that w is actually gcK. □ 

We note that, up to our knowledge, the known examples of manifolds satisfying the 99-Lemma 
are actually balanced: Kahler manifolds are clearly balanced; manifolds in class C of Fujiki, [39], and 
Moishezon manifolds, [60], are balanced by [1, Corollary 5.7]; twistor spaces [64, 13] are balanced by [41, 
Proposition 11], and their small deformations are balanced by [38, Corollary 9]; small deformations of a 
complex manifold that admits a balanced metric and satisfies the 99-Lemma still admit balanced metrics 
by [78, Theorem 5.13], see also [38, Theorem 6]. (See also [65] for a recent survey.) One can ask the 
following. 

Question 2.8. Does every compact complex manifold satisfying the 99-Lemma admit a lcb structure? 

2.2. Locally conformal balanced structures and (n — l,n)-th weak-99-Lemma. In [38, Definition 
5], a compact complex manifold X of complex dimension n is said to satisfy the (n — \,n)-th weak 99- 
Lemma if for each real form a of type {n — 1, n — 1) such that da is 9-exact there exists a (n — 2, n — 1 )-form 
/3 such that da = i dd/3. 

The hypothesis that the natural map H p f, ' 11 {X) —> HL 1,71 (X) induced by the identity is injective in 
Theorem 2.5 implies in particular the (n — l,n)-th weak 99-Lemma. Next we see that the converse is not 
true. Notice that it is proven in [74, Corollary 3.5] that any left-invariant Abelian complex structure on a 
nilmanifold satisfies the (n — l,n)-th weak 99-lemma. 

Proposition 2.9. Let X be a 2n-dimensional nilmanifold endowed with a left-invariant Abelian complex 
structure. Then X satisfies the (n — 1 ,n)-th weak dd-Lemma, but the natural map H 7 fff,’ n {X) —> 
H^~ 1 ' n (X) induced by the identity is never injective. 

Proof. The validity of the (n — 1, n)-th weak 99-Lemma is proven in [74, Corollary 3.5]. 

For nilmanifolds endowed with left-invariant complex structures, the inclusion of left-invariant forms 
induces isomorphisms in Dolbeault, Bott-Chern, and Aeppli cohomologies, [27, Remark 4], [3, Theorem 
3.8]. Therefore, the injectivity of the map Hgjf L,n (X) —> H^~ 1,n (X) can be checked at the Lie algebra 
level, and it is equivalent to 

9 ( A n_ i’" _ ifl*) f~l ker 9 C 99 (/\ n - 2 ’ n ~ 1 g*) . 

Since J is Abelian, we have 9 (A n_1,n fl*) = {0} and 9 (A rl_2 ’"g*) = {0}, and thus also 9 (A rl_1 ’ Tl_1 g*) C 
ker 9 and 99 (A" _2,rl_1 g*) = {0}. This reduces the injectivity of the map H 7 ^f}’ n {X) —> 77^ _1 ’"(A) to 
the following condition: 

9(A"-i-"-y) = {o}. 

But, if g is not an Abelian Lie algebra, this cannot happen. Indeed, we can choose a basis 
of A 1,0 g* such that 

9a; 1 = ■■• = 9aA _1 = 0, dui r = to 1 Aid 1 , 9a/" 1 "- 7 G A 2 (a; 2 , a) 2 ,..., u", a) ra ) for j > 0 , 
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for some r € {2 ,n}. Therefore 9 (w 2 A to 2 A • • • A w" A w") ^0. □ 

In the following result we prove that Theorem 2.5 cannot be extended to compact complex manifolds 
satisfying the (n — l,n)-th weak 99-Lemma. 

Proposition 2.10. There exist compact complex manifolds X of complex dimension n satisfying the 
(n — l,n)-th weak dd-Lemma and having leb metrics, but not admitting any balanced metric. 

Proof. Because of Proposition 2.9, we consider A' a nilmanifold of dimension 6 with underlying Lie algebra 
f) 8 , ()g, or fji 5 , and endowed with an Abelian complex structure. It is proven in [55, Proposition 1.1] that 
X has left-invariant lcb structures; however X does not admit any balanced metric by [73, Theorem 
26], □ 

2.3. Locally conformal balanced and fc-Gauduchon structures. Let A' be a 2n-dimensional man¬ 
ifold endowed with a complex structure. We recall that, for k £ {1,... ,n — l},a k-Gauduchon (shortly, 
kG ) structure on A' is the datum of the (1, l)-form to associated to a Hermitian metric on X such that 

99u; fe A w ”"*" 1 = 0, 

see [37, Definition 1], Note that (n — l)-Gauduchon structures are associated to Gauduchon metrics, [40], 
and that, for n = 2, Gauduchon metrics are 1-Gauduchon, as well as pluriclosed, [20]. See also [47, 36] 
for further generalizations and results. 

By [35, Proposition 1.4], see also [2, Remark 1], on a compact complex manifold, Hermitian metrics 
being both pluriclosed and balanced are in fact Kahler. By [36, Proposition 2.4], on a compact complex 
manifold, Hermitian metrics being both 1G and balanced are in fact Kahler. As a sort of generalization, 
also in view of Question 2.8, we have the following result. 

Proposition 2.11. Let X be a compact complex manifold of complex dimension n such that the natural 
map X) —► HL 1 ,n (A) induced by the identity is injective. Then, for k £ {1,..., n — 2}, any kG 

lcb structure is also gcK. 

Proof. By [37, Corollary 4], for any k £ {l,...,n — 1}, to any Hermitian metric g with associated 
(1, l)-form lo, it is associated a unique constant 7 ^(g) £ R. The sign of 7 ^(g) is invariant in the conformal 
class of g by [37, Proposition 11]. Furthermore, on the one hand, for k £ {1,..., n — 1}, by [37, Corollary 
4], if w is a kG structure, then 7 k(g) = 0. On the other hand, for k £ {1,..., n — 2}, by [47, Lemma 3.7], 
if g is balanced non-Kahler, then ”fk(g) > 0- In particular, if to is gcb non-gcK, then 7 k{g) > 0. 

Suppose that lo is a kG lcb non-gcK structure on A' with associated Hermitian metric g. By the 
hypothesis and by Theorem 2.5, lo is kG gcb non-gcK. Since 10 is £:G, one has 7 k{g) = 0. Since lo is gcb 
non-gcK, one has 7 k(g) > 0. This is absurd. □ 

2.4. Locally conformal balanced structures on solvmanifolds. We consider the existence of locally 
conformally balanced structures on solvmanifolds, namely, compact quotients of connected simply- 
connected solvable Lie groups by co-compact discrete subgroups. 

As in [ 68 , §1] for lcK structures, we have that, on completely-solvable solvmanifolds endowed with 
left-invariant complex structures, it suffices to study the existence of left-invariant lcb structures. 

Proposition 2.12. Let X = T\G be a completely-solvable solvmanifold endowed with a G-left-invariant 
complex structure. If there exists a lcb structure, then there exists also a G-left-invariant lcb structure. 

Proof. Denote the real dimension of X by 2 n, and the complex structure on A by J. Denote the Lie 
algebra associated to G by g, and identify the G-left invariant forms on A' with the space A*g*. Let lo be 
a lcb structure on A' with associated Hermitian metric g := 0 c(-, J=). By definition, there exists a d-closed 
1-form d such that d lo u ~ 1 = d A w ra_1 . 

We can assume that d is G-left-invariant. Indeed, by A. Hattori’s theorem [45, Corollary 4.2], d is 
colromologous to a G-left-invariant 1-form: let $ inv £ A 1 g* and / € C°°(A;R) be such that d = d, nv + df. 

Consider the metric g := exp g. Then the associated (1, l)-form to = exp w to g satisfies 

dci )"^ 1 = tl; nv A l D "” 1 for the G-left-invariant d-closed 1-form fy nv . 

Hence, assume that the d-closed 1-form d is G-left-invariant. Consider the F. A. Belgun symmetrization 
map, [17, Theorem 7], 


where rj is a G-bi-invariant volume form on G such that j x rj = 1, [59, Lemma 6.2]. If g £ A*g* and 
a £ A*X, then A a) = g A /r(a), see, e.g., [6, Lemma 2.5]. Consider the G-left-invariant metric 
<W whose associated (1, l)-form aw £ A 2 g* fl A 1,:1 X satisfies ce," - := /i(w" -1 ): it exists by the M. L. 
Michelsohn trick, [56, pages 279-280]. It satisfies 

dw,”" 1 = d (/x (w" -1 )) = p, (dw" _1 ) = (iftfAr 1 ) = t? A /i (w" _1 ) = iJA^ 1 , 

since dog, = /r o d by [17, Theorem 7]. Hence uw is a G-left-invariant lcb structure on X. □ 

Example 2.13 (A 1G lcb non-balanced manifold with A 2 " -1 = 0). Consider a 6-dimensional nilmanifold 
X with associated Lie algebra hs : = (0, 0, 0, 0,0,12), in the notation of [67]. Up to equivalence, it admits 
only one left-invariant complex structure, [73, Corollary 15]. By [35, Theorem 1.2, Theorem 3.2], any 
left-invariant Hermitian metric on X is pluriclosed, and hence in particular 1G. By [55, Proposition 1.1], 
X admits a left-invariant lcb structure. On the other hand, by [18, Theorem A], or [43, Theorem 1, 
Corollary], X admits no Kahler structure. 

Notice that A 5 = 0 (see [52, §6] or [5, Table 2]), and that it does not admit any balanced metric. 
(Here, A fc is the non-negative degree A fc := J2 P + q =k dime (H^q(X) + dime H^ q (X)) — bk £ N, see [10, 
Theorem A].) This shows in particular that, on compact complex manifolds of complex dimension n, the 
condition A 2 ™ -1 = 0 and the existence of lcb structures do not imply the existence of balanced metrics. 

3. Locally conformal (Hermitian) symplectic structures 

Let X be a 2n-dimensional manifold. We recall that a locally conformal symplectic (shortly, les ) structure 
on X is given by a non-degenerate 2-form fl such that clfl = d A fl for some d £ A 1 X with dt? = 0, [76, 
§1]. If d is d-exact, then fl is called globally conformal symplectic (shortly, ges ): in fact, if d = df for 
/ £ C°°(X; R), then the structure exp(—/)fl is actually symplectic. 

3.1. Locally conformal symplectic structures as mapping tori. In this section, we review when 
les manifolds can be seen as mapping tori over contact manifolds. First of all, we recall the definition of 
mapping torus. 

Definition 3.1 ([53, page 527]). Let S be a compact manifold (possibly endowed with a further structure). 
Consider a diffeomorphism ip on S (preserving the possible further structure). The mapping torus S v on 
S is the manifold 

S v := (5 x [0,l])/{(a;,0) ~ (^(x),l)} . 

We recall also that a contact structure on a (2 n — l)-dimensional manifold X is the datum of a 1-form 
a £ A 1 A' such that da n_1 Aa/0 everywhere, see, e.g., [21]. 

The following result proves that mapping tori over contact manifolds are endowed with a les structure. 

Proposition 3.2 ([14, Example 2]). Let S be a (2 n— 1)-dimensional compact manifold endowed with a 
contact structure a £ A 1 X. Consider a diffeomorphism <p of S such that ip*a = a. Then the mapping 
torus S,p on S has a les structure. 

Proof. For the sake of completeness, we recall here the construction. 

Consider the projection map 7rg: S x [0,1] -A S. Define the form /3 := Tt* s a £ A 1 (S x [0,1]). In fact, 
since p>*a = a, we can consider /3 £ A 1 ^ such that d/3" -1 A /3 ^ 0 everywhere. 

One has that is the total space of a fibre bundle S S v A S 1 . Consider a coordinate f on S 1 , and 
define d := 7r*(d t) £ A 1 ^. Note that dt? = 0. 

Define H:=d^/3 = d/3 — i?A/3£ A 2 S V . Note that 

d,j fl = 0 . 

Note also that, for k £ N, it holds H k = <j) k + k (f> k ~ 1 A ft Ad, where <f> := d/3. In particular, 

fl" = A/3 Atf/0 

everywhere, since c/i" -1 A /3 and d are independent. Hence fl is a les structure on S^, with associated Lee 
form d. □ 

Conversely, let us assume further hypotheses to guarantee that manifolds with les structures are 
mapping tori over contact manifolds. The argument is inspired by [53], where H. Li proves that co- 
symplectic manifolds are symplectic mapping tori, [53, Theorem 1], and that co-Kahler manifolds are 
Kahler mapping tori, [53, Theorem 2]. 
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Proposition 3.3 ([14, Theorem 2]). Consider a ‘In-dimensional compact manifold X endowed with a 
les structure Q £ A 2 A with everywhere non-vanishing Lee form d £ A 1 X. Suppose that Q is d $-exact, 
namely, there exists (3 £ A 1 A such that 12 = d/3 — d A j3. Then X has the structure of mapping torus 
over a (2 n — 1)-dimensional manifold S endowed with a contact structure a £ A x X. 

Proof. For the sake of completeness, we show here the construction. 

Since d is a d-closed 1-form on X , by D. Tischler’s theorem, [71, Theorem 1], there exist a (2 n — 1)- 
dimensional manifold S and a diffeomorphism <p on S such that X is the mapping torus Sp on S, where 
Sp is the total space of a fibre bundle S H 5^ A S 1 with d = 7r*(df), where t is a coordinate on S 1 . 

For any r £ [0,1], consider the map l t : S 3 x (a;, r) £ S x [0,1]. Consider also the quotient 

projection map p: S x [0,1] —> Sp. Define 

d T := {p o l t )*(3 £ A 1 S . 

Note that 

d d" _1 Aq t / 0 

everywhere. In particular, b T , for any r £ [0,1], is a contact structure on S. Indeed, take a local 
trivialization chart U x K on Sp such that tt[uxk is the projection on the K factor. Denote the 
coordinate on I\ by t. Note that 0 ^ 12" [ UxK= d f3 n ~ 1 A f3 A dt[uxK= ( p ° t r )* (d/3" _1 A (3[u) A dt[x 
everywhere. Hence db" _1 A b T = (po l t )* (d /3 n ~ l A 0) 0 0 everywhere. 

We claim now that there is a diffeomorphism (p of S isotopic to (p such that p*a o = dg. Firstly, note 
that i\ o (p = i 0 . It follows that (p*d\ = dg. Hence p* (db" _1 A bi) = dbjp 1 A dg. Since Lg and L\ 
are lromotopic, then [ddp -1 A d 0 ] = [db" _1 A di]. By the Gray stability theorem, see, e.g., [42, pages 
60-61], there exists a diffeomorphism of S isotopic to the identity such that d\ = F* (do). By taking 
p := F o p, one gets that p*{dg) = do, proving the claim. 

In particular, a := dg is a contact structure on Sp. Finally, note that, since p and p are isotopic, then 
S v and Sp are diffeomorphic as fibre bundles. □ 

In the next section, we will apply the previous results to the case of nilmanifolds, namely, compact 
quotients of connected simply-connected nilpotent Lie groups by co-compact discrete subgroups, see 3.7. 

3.2. Locally conformal holomorphic-tamed structures on nilmanifolds. We recall that a 
holomorphic-tamed (also called Hermitian symplectic ) structure on a manifold X endowed with a 
complex structure J is the datum of a symplectic structure Q taming J, that is, such that g,j := 
| (f2(-, J=) — H(J-,=)) is a J-Hermitian metric on X. Up to now, no example of complex holomorphic- 
tamed non-Kahler manifold is known, see [54, page 678], [69, Question 1.7]: in a sense, this is the 
integrable higher-dimensional analogue of the Donaldson “tamed to compatible question” for compact 
almost-complex 4-manifolds, [30, Question 2]; (compare also [57, 72]). 

In particular, recall that non-tori nilmanifolds never admit Kahler structures, [18, Theorem A], see 
also [43, Theorem 1, Corollary]. In [9, Theorem 3.3] for dimension 6, and in [32, Theorem 1.3] in full 
generality, it is proven that non-tori nilmanifolds endowed with left-invariant complex structures admit 
no holomorphic-tamed structures, too. A further generalization for completely-solvable solvmanifolds has 
been recently obtained by A. Fino and H. Kasuya, [33, Theorem 3.1]. 

Therefore, we are interested in studying the locally conformal analogue of holomorphic-tamed structures 
on nilmanifolds. 

Definition 3.4. Let A be a manifold endowed with a complex structure J. A non-degenerate 2- 
form Q £ A 2 X on X is called locally conformal holomorphic-tamed (shortly, Icht ; also called locally 
conformal Hermitian symplectic) if: (i) Q tames the complex structure J, namely, for any x £ X, for any 
v x £ T x X \ {0}, it holds £l x {v x , Jv x ) > 0; in other words, gj := \ (f2(-, J-) — H(J-,=)) is a J-Hermitian 
metric on X\ (ii) there exists d £ A 1 A' such that dfl = d A H and d$ = 0. The 1-form d is called the 
Lee form associated to H. If such a d is d-exact, then H is called globally conformal holomorphic-tamed 
(shortly, gcht). 

Remark 3.5. Note that, if H is J-invariant, that is, H £ A 2 A n A 1,l X, then H is in fact lcK. Note 
also that, if O is gcht, i.e., there exists / £ C°°(A; R) such that d = d /, then the symplectic structure 
f l := exp(—/)H is in fact a holomorphic-tamed structure in the same conformal class of H. 

The following lemma allows to reduce, on completely-solvable solvmanifolds with left-invariant complex 
structures, to considering just left-invariant lcht structures. 
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Lemma 3.6. Let X = T\G be a solvmanifold endowed with a G-left-invariant complex structure. Denote 
by g the Lie algebra associated to G. Assume that the inclusion A*g* A*X induces the isomorphism 
H 1 (g) A- H^ R (X'M.) . If X admits a Icht structure Cl such that dO = d A then it admits also a 
G-left-invariant Icht structure Cl such that dfi = d A Cl, with [?9] = [$]. 

Note that the condition H 1 (g) ^A H\ r { A';R) holds, for example, when X is a completely-solvable 
solvmanifold, by A. Hattori’s theorem, [45, Corollary 4.2]. 

Proof. By the hypothesis H 1 (g) A- H^ R (X- R) there is a G- left-invariant form d being colromologous to 
d: let / £ C°°(X ; R) be such that d = d + cl /. Then Cl := exp(— f)D is a Icht structure, in the conformal 
class of Cl, satisfying df) = d A Cl. Consider the F. A. Belgun symmetrization map, [17, Theorem 7], 

p: A* X —> A*g* , /r(a) := / a[ x rj(x) , 

Jx 

where ry is a G-bi-invariant volume form on G such that f x 77 = 1, [59, Lemma 6.2]. By [ 6 , Lemma 2.5], 
if g £ A*g* and a £ A*X, then A a) = r] A g.(a). In particular, Cl := yi(Cl) is a G-left-invariant Icht 
structure satisfying d Cl = d A Cl. □ 

We use now the results in the previous section to get a description of nilmanifolds endowed with 
left-invariant complex structures and with Icht structures as mapping tori over contact nilmanifolds. 

Theorem 3.7. Let X = T\G be a nilmanifold endowed with a G-left-invariant complex structure and 
a Icht structure Cl. Then either Cl is a gcht structure on X, or it induces on X a structure of mapping 
torus over a (2 n — 1)-dimensional contact nilmanifold. 

Proof. Consider the Lee form d £ A 1 A' of Cl, namely, dfi = d A Cl with d$ = 0. By Nomizu’s theorem, 
[62, Theorem 1], we can apply Lemma 3.6 and hence we may assume that d is G-left-invariant. Note 
that either d = 0, and hence Cl is a symplectic structure on X, i.e., a gcht structure, or d is everywhere 
non-vanishing. Hence assume now that d is everywhere non-vanishing. 

Again by Lemma 3.6, we may suppose that also Cl is G-left-invariant. Since Cl £ A 2 g* is d^-closed, by 
[29, Theoreme 1], see also [58, Corollary 2.5], one has that H is d^-exact. By Proposition 3.3, X has a 
structure of mapping torus S v on a (2 n — l)-dimensional manifold S endowed with a contact structure. 
Note that S is in fact a nilmanifold. □ 


We recall that, by [68, Main Theorem], a non-torus nilmanifold endowed with a left-invariant 
complex structure admits a lcK structure if and only if it is biholomorphic to a quotient of 
( H(2n — 1) x R, J + ). Here H(2n — 1) is the (2 n — l)-dimensional Heisenberg group, with Lie alge¬ 
bra hcis 2n _i = (ei,...,e 2n -2 ,e 2n ) with [e 2 j-i,e 2 j\ = -e 2n for any j £ { 1 , ..., n - 1 }, and [e h ,e k \ = 0 
otherwise. Consider t)ds 2ll _i x R where R = (e 2n _i): it is endowed with a linear (integrable) complex 
structure J+ defined as J + e 2 j-i = e 2 j for j £ {1,... ,n} (see also [25, Table 1], where heis 2n _ 1 x R for 
n= 3 is t) 3 ). 

Analogously, we prove that 2-step nilmanifolds endowed with left-invariant complex structures admit a 
Icht structure if and only if they are diffeomorphic to a quotient of H{2n — 1 ) x R. 

Theorem 3.8. Let X = T\G be a 2n-dimensional nilmanifold. Suppose that the Lie algebra g associated 
to X is 2-step. If X admits a G-left-invariant complex structure J and a Icht structure, then g ~ (ycis 2rl _ 1 . 


Proof. Suppose that the Lie algebra associated to A' is isomorphic to tycis 2n _ 1 x R. By [ 68 , Main 
Theorem], the G-left-invariant complex structure J+ on X admits a lcK structure, namely, Cl := 
de 2n — (—e 2ra_1 ) A e 2n = Y^j=i e 2j_1 A e 2j , where denotes the dual basis to {cdy 

Suppose now that X is a 2-step nilmanifold endowed with a G-left-invariant complex structure and 
with a Icht structure. By Lemma 3.6, X admits a G-left-invariant Icht structure fl such that dH = iiAH 
with d £ A 1 g*. Consider the J-Hermitian metric g '■= \ (^(-, J=) — Cl(J-,=)). 

If bi < 2n — 2 , and by using Nomizu’s theorem [62, Theorem 1 ], then there exist A, C £ [g, g] with 
RA RG. Since g is 2-step nilpotent and d is d-closed, it holds that 


H(A,-) = (3{A) ■ d and Cl(C,-) = j3{C) ■ d . 


In particular, /3(A) / 0 and /3(G) 7 ^ 0. Furthermore, B := JA ^ [g, g] and D := JC ^ [g, g]. 
Since RA ^ RG, we have that, for any t £ R, 


0 < Cl(tA + C,J{tA + C)) 


( Cl(A, JA) Cl(A, JC) \ ( t \ 
V Cl(C, JA) fi(G, JC) y ' V 1 J 


On the other side, by the above formulas, one has 

n(A, ja) ■ fi(c, jc) - n(A, jc) ■ n(c, ja) 

= 13(A) ■ •d(JA) ■ /3(C) ■ d(JC) - /3(A) ■ d(JC) ■ /3(C) ■ d(JA) = 0 . 

By the contradiction, we get that b\ > 2n — 1. In fact, g being 2-step, we have &i = 2n — 1. 

By [29, Theoreme 1], see also [58, Corollary 2.5], one has that is d^-exact: let /3 G A x g* be such that 
LI = d/3 — 3) f\ (3. Since 0" = —m3 A (3 A (d/3) n ~ l , we have that d/3|_ g / R /,j p\ is non-degenerate. Then 

0 — f)eis 2 „-i- □ 

In view of the analogous result in [9, Theorem 3.3] for the non-conformal case, we have the following 
theorem. 

Theorem 3.9. Let X be a 6-dimensional nilmanifold endowed with a left-invariant complex structure. If 
X admits a leht structure, then it admits also a IcK structure. In particular, either it is diffeomorphic to 
a torus, namely, its Lie algebra g is g ~ fq = (0,0,0,0, 0, 0), or g ~ () 3 = (0,0,0,0, 0,12 + 34). 

Proof. Let O be a lcht structure on X. If the Lee form D of LI is exact, then, up to a global conformal 
change, LI is a holomorphic-tamed structure on X. By [9, Theorem 3.3], see also [32, Theorem 1.3], X 
admits in fact a Kahler structure, in particular, a IcK structure. More precisely, X is diffeomorphic 
to the 6-dimensional torus, f)i = (0,0, 0,0, 0,0), by [18, Theorem A] or [43, Theorem 1, Corollary]. 
Therefore suppose now that i3 is everywhere non-vanishing. By Theorem 3.7, then X has a structure of 
mapping torus over a 5-dimensional nilmanifold endowed with a contact structure. By [51, §6], the only 5- 
dimensional nilmanifolds admitting a contact structure are (0,0,0, 0,12 + 34), and (0, 0,0,12,14+23), and 
(0,0,12,13,14—23). Moreover, the Lie algebra of X has to admit a linear complex structure. It follows that 
the Lie algebra of X has to be either f) 3 = s 32 = (0,0,0, 0,0,12 + 34), or t) 9 = s 2 7 = (0,0, 0,0,12,14 + 25), 
or f)]~ 9 = Si6 = (0, 0,0,12,23,14 — 35), in the notations of [67, 51]. Hence, it remains to consider each 
case separately; in fact, they all are admissible by Theorem 3.8. (See also [16, Proposition 5.6], where 
6-dimensional Lie algebras admitting lcs structures are classified.) In [25], the left-invariant complex 
structures on 6-dimensional nilmanifolds are classified up to equivalence. In particular, there is only one, 
up to equivalence, left-invariant complex structure J on f)g. We prove in Lemma 3.12 than it does not 
admit any lcht structure. And there are two left-invariant complex structures on f) 3 , which are called J+ 
and J_. By [68, Main Theorem], J + on f) 3 is the only left-invariant complex structure on 6-dimensional 
nilmanifolds admitting a IcK structure: for the sake of completeness, we recall the metric in Lemma 3.10. 
On the other side, we prove in Lemma 3.11 than J_ on f) 3 does not admit any lcht structure. Finally, 
there are only two, up to equivalence, left-invariant complex structures, J+ and J_, on fjf g . We prove in 
Lemma 3.13 than they do not admit any lcht structure. This concludes the proof. □ 

Lemma 3.10 ([68, Main Theorem]). Let X be a 6-dimensional nilmanifold with associated Lie algebra 
f} 3 = (0,0,0,0,0,12 + 34) and endowed with the G-left-invariant complex structure J+ defined by the 
G-left-invariant co-frame {yd, p 2 , y? 3 } o/T 1,0 X with structure equations 

( dip 1 = 0 

| dp 2 = 0 

[ d p 3 = p 1 A p 1 + p 2 A p 2 . 

Then X admits a IcK structure. 

Proof. Consider the 2-form 

w := ip 1 A p 1 + i p 2 A p 2 + i p 3 A p 3 £ A 1 ’ 1 A D A 2 A . 

It clearly tames J and is J-compatible. One computes 

d co = i p 1 A p 1 A p 3 + i p 2 A p 2 A y> 3 — i p 1 A p 3 A p 1 — i p 2 A p 3 A p 2 
= (+ 3 + P 3 ) A w , 

which proves that u is a G-left-invariant IcK structure on X with Lee form d := p 3 + pP. □ 

Lemma 3.11. Let X be a 6-dimensional nilmanifold with associated Lie algebra 1)3 = (0, 0,0, 0,0,12 + 34) 
and endowed with the G-left-invariant complex structure J_ defined by the G-left-invariant co-frame 
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{ip 1 , ip 2 , ip 3 { ofT 1,0 X with structure equations 

(■ d^ 1 = 0 
J dtp 2 = 0 

[ cl ip 3 = ip 1 A (p 1 - <p 2 A (p 2 . 

Then X does not admit any Icht structure. 

Proof. By Lemma 3.6, it suffices to prove that there is no G-left-invariant lcht structure on X satisfying 
d ,9 fl = 0 with d a G-left-invariant 1-form. 

By [74, Proposition 2.3], the (1, l)-form associated to a G-left-invariant Hermitian metric on X can be 
written as 

i r 2 ip 1 A (p 1 + i s 2 ip 2 A ip 2 + i t 2 ip 3 A (p 3 + u ip 1 A (p 2 — u ip 2 A (p 1 

with r, s, t £ K. \ {0} and u £ C such that |w| 2 < s 2 . Hence, consider the form 

$2 := A ip 1 A ip 2 + B ip 1 A ip 3 + C ip 2 A ip 3 

+ i r 2 ip 1 A (p 1 + i s 2 ip 2 A ip 2 + i t 2 ip 3 A (p 3 + u ip 1 A (p 2 — u ip 2 A (p 1 

+A ip 1 A (p 2 + B (p 1 A (p 3 + C (p 2 A (p 3 

with r, s, t £ R. \ {0} and u £ C such that |w| 2 < s 2 and A,B,C £ C. 

Consider a d-closed left-invariant 1-form d £ A 1 g*. It is of the form 

d = a ip 1 + /3 ip 2 + y ip 3 + a ip 1 + /3 ip 2 + y <p 3 


for a, /3 £ C and y £ R. 

For (p,q) £ Z 2 , denote by tt A p.ix'- A*'* X -A- A p ’ q X the natural projection. We compute 

tt A 3,o x dtf fl = (-aC + /3B — yA) ip 123 


and 

7r A 2 ’ 1 x dtffl = (i (3r 2 + au — aA) ip 121 + (— i as 2 + /3u — f3A + B + C) ip 122 + (—yA) ip 123 
+ (— i t 2 + i yr 2 — dB) ip 131 + (yu — j3B) ip 132 + (— i at 2 — yB ) ip 133 


+ (—yu — aC) ip 231 + (it 2 + iys 2 — j3C) ip 232 + (— i/3t 2 — yC ) ip 233 . 


(As a matter of notation, we have shortened, e.g., ip 123 := ip 1 A ip 2 A ip 3 .) 

We have to find d as above such that d# $7 = 0. Note that 7^0: otherwise, from the coefficient 
of ip 233 , we get that also ft = 0, which yields that the coefficient of ip 232 is non-zero. Looking at the 
coefficients of ip 133 and of ip 233 , we get 


OLl 

B = — i- and 


G = -i^. 


7 7 

By summing the coefficients of ip 131 and ip 232 and substituting and simplifying, we get 

y 2 (r 2 + s 2 ) + \a\ 2 t 2 + \p\ 2 t 2 = 0, 


which is not possible. Hence, there exists no (G-left-invariant) lcht structure on A'. 


□ 


Lemma 3.12. Let X be a 6-dimensional nilmanifold with associated Lie algebra fig = (0,0, 0, 0,12,14+25) 
and endowed with the G-left-invariant complex structure J_ defined by the G-left-invariant co-frame 
{^p 1 , ip 2 , ip 3 { ofT 1,0 X with structure equations 

( dip 1 = 0 

< dip 2 = ip 1 A (p 1 

( dip 3 = ip 1 A (p 2 + ip 2 A ip 1 . 


Then X does not admit any lcht structure. 
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Proof. By Lemma 3.6, it suffices to prove that there is no G-left-invariant lcht structure on X satisfying 
d,j LI = 0 with d a G-left-invariant 1-form. 

By [74, Proposition 2.3], the (1, l)-form associated to a G-left-invariant Hermitian metric on X can be 
written as 

i r 2 p 1 A p 1 + i s 2 p 2 A p 2 + i t 2 p 3 A p 3 + u p 1 A p 2 — u p 2 A p 1 
with r, s, t £ R. \ {0} and u £ C such that |u | 2 < s 2 . Hence, consider the form 
fl := A p 1 A p 2 + B p 1 A p 3 + C p 2 A p 3 

+ i r 2 p 1 A p 1 + i s 2 p 2 A p 2 + i t 2 p 3 A p 3 + u p 1 A (p 2 — u tp 2 A (p 1 

+A if 1 A ip 2 + B (p 1 A <^ 3 + G (p 2 A <^ 3 

with r, s, t £ R \ {0} and u £ C such that |it | 2 < s 2 and A,B,C£ C. 

Consider a d-closed left-invariant 1-form d € A 1 ^*. It is of the form 

'd = a tp 1 + (3 ip 2 + 7 tp 3 + a (p l + $ (p 2 + 7 ip 3 

for a,/3 £ C and 7 £ R. 

For (p, q) £ Z 2 , denote by 7r AP , q x ■ A*'* X —>■ A p,q X the natural projection. We compute 

7r A 3,oxfl = (-aC + PB — 7 A) ip 123 

and 

7 r A 2 ,ixH = (— i s 2 — B + au + i /?r 2 — dH) (p 12 ^ + (G — i as 2 + f3u — j3A) ip 122 + (— 7 H) yj 12 ^ 

+ (— G + i 7 r 2 — di?) yj 131 + (— i t 2 + 7M — ip 132 + (— i at 2 — 7H) </j 133 

+ (— i t 2 — 7 M — dC) (p 233 + (i 7 s 2 — PC) ip 232 + (— i pt 2 — 7 G) <^ 233 . 

(As a matter of notation, we have shortened, e.g., 7> 123 := ip 1 A ip 2 A <p 3 .) 

Note that 7 7 ^ 0: otherwise, from the coefficient of p 133 we get that also a = 0, which yields that the 
coefficient of ip 231 is non-zero. Looking at the coefficient of p 233 , we get 

G = -i^. 

7 

By substituting in the coefficient of p 232 and simplifying, we get 

7 2 s 2 + \P\ 2 t 2 = 0, 

which is not possible. Hence, there exists no (G-left-invariant) lcht structure on A'. □ 

Lemma 3.13. Let X be a 6-dimensional nilmanifold with associated Lie algebra t) j ” 9 = (0, 0,0,12, 23,14 — 
35) and endowed with the G-left-invariant complex structure J+, respectively J_, defined by the G-left- 
invariant co-frame {p 1 , p 2 , p 3 ) o/T 1,0 X with structure equations, respectively, 

( dp 1 = 0 

< d p 2 = p 1 A p 3 + v? 1 A p 3 
[ d p 3 = ± i (p 1 A p 2 - p 2 A p 1 ) . 

Then X does not admit any lcht structure. 

Proof. By Lemma 3.6, it suffices to prove that there is no G-left-invariant lcht structure on X satisfying 
d$ fl = 0 with d a G-left-invariant 1-form. Hence, consider the form 

LI := A p 1 A p 2 + B p l A p 3 + G p 2 A p 3 

+ i r 2 p 1 A p 1 + i s 2 p 2 A p 2 + i t 2 p 3 A p 3 

+u p 1 A p 2 — up 2 A p 1 + v p 2 A p 3 — v p 3 A p 2 + z p 1 A p 3 — zp 3 A p 1 
+A p 1 A p 2 + B p 1 A p 3 + C p 2 A p 3 

with A , B , G, u, v, z £ C and r, s,t £ R\{0} satisfying the restrictions that ensure that the (1, l)-component 
of fl is positive. 

Consider a d-closed left-invariant 1-form d £ A x g*. It is of the form 

d = a p 1 + 7 p 3 + a p 1 + 7 p 3 
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for a £ C and 7 £ R. 

For (p,q) £ Z 2 , denote by tt A p,qx ■ A*'* X —> A p,q X the natural projection. We compute 

7t A 3,o x d# Q = — (aC + 7 A) p 123 


and 


7 r A 2 ,ixd^r 2 = (±iB =F iz + cm — a A) ip 12 * + i (±C =F v — as 2 ) p 122 
— (av + 7 A) p 123 + (u — u + az + i 7r 2 — dB ) p 133 
+ (is 2 ±t 2 + av + 7 u) p 132 + (y — C — i at 2 + jz — 7 B) p 133 
+ (i s 2 =F t 2 — ju — dC ) p 233 + i 7s 2 </? 232 +7 (v — ( 7 ) y> 233 • 

(As a matter of notation, we have shortened, e.g., ty ? 123 := p 3 A <^ 2 A <p 3 .) 

We have to find $ as above such that d$ fi = 0. Note that the coefficient of ip 232 vanishes if and only if 
7 = 0. Thus, the coefficient of p 123 vanishes when aC = 0. Since 7 = 0 we have that a 7 ^ 0, so C = 0. 
Similarly, the coefficient of <p 123 is zero when av = 0, so we get v = 0. But taking C = v = 0 one has that 
the coefficient of p 122 does not vanish, because a/0 and s 2 > 0. Hence, there exists no (G- left-invariant) 
lcht structure on X. □ 


In view of the questions in [54, page 678] and [69, Question 1.7], and of the analogous result in [32, 
Theorem 1.3] for the non-conformal case, the following question is hence natural. By Theorem 3.9, 
it has a positive answer for 6 -dimensional nilmanifolds with left-invariant complex structures. Also, 
the differentiable obstruction in Theorem 3.8 suggests an evidence for the question in case of 2-step 
nilmanifolds. 

Question 3.14. For which compact complex manifolds, the existence of locally conformal holomorphic- 
tamed structures is equivalent to the existence of locally conformal Kahler structures? 

Remark 3.15. Consider the deformations in case (1) of the holomorphically parallelizable Nakamura 
manifold as investigated in [7], see Example 1.3. (Recall that they satisfy the 99-Lemma for t ^ 0.) We 
claim that they do not admit any lcht structure. In particular, they do not admit any holomorphic- 
tamed structure. Indeed, by [50, §7], one has H^ R (X-M) = K(d^i, dzi), and hence the natural map 
H 1 ( g) —> H\ r (X] R) is an isomorphism. Hence, by Lemma 3.6, it suffices to prove that these deformations 
do not admit any left-invariant lcht structure. Consider the G-left-invariant real 2-form 

VL t := i (A (j>\ A (j)\ + B (j) 2 A 4> 2 + C (j) 3 A (j) 3 ) 

+ (D (f>\ A 4> 2 — D (f> 2 A #) + (E (j)\ Atf-EtfA #) + (F 4> 2 A $ - F A ^ 2 ) 

+ (L (j>\ A $ + L cj>\ A (j) 2 ) + (M (j)] A (j ) 3 + M <j>\ A (j 3 ) + (N cj ) 2 A (j ) 3 + N (j ) 2 A (j) 3 t ) , 

with A,B,C £ R and D,E,F £ C. The form Q t tames the complex structure Jt (i.e., its (1, l)-component 
with respect to J t is a positive (1, l)-form) if and only if, [73, page 189], 


' A > 0 
B > 0 

c > 0 

< AB > \D\ 2 
AC > \E\ 2 
BC > |E | 2 

ABC + 2 Re(i DEF) > C\D\ 2 + A\F\ 2 + B \E\ 2 
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A straightforward computation gives 

dfi t = (D-tL) -iB (1 + t) <f>? 2 - F (l-t) <g 23 

+ (-E + t M) <j>\ 31 -F(l-t) eft 32 + i C (1 + t) tf 33 

+ (D- iL ) + i B (1 + t) cff 2 4>r 

+ (~E + t M) ti 13 - F (1 - t) eft 13 - i C (1 + t) & , 

where we have shortened, e.g., (j )\ 213 := (j)\ A cj> 2 A A (j) 3 . In particular, since B > 0, then cannot be 
d-closed for t small. 

3.3. Locally conformal holomorphic-tamed structures on 4-dimensional solvmanifolds. In [44, 
Theorem 1], K. Hasegawa characterized the compact complex surfaces being diffeomorphic to 4-dimensional 
solvmanifolds. More precisely, such complex structures turn out to be left-invariant, and six different 
cases may occur: complex torus, hyperelliptic surface, Inoue surface of type Sm, primary Kodaira surface, 
secondary Kodaira surface, Inoue surface of type S± (see Table 1). In [4], some results concerning their 
cohomologies are studied. 

Now, we explitly study the existence of lcht structures for such 4-dimensional solvmanifolds. For a 
more general result, see [11, Theorem 1.1] by V. Apostolov and G. Dloussky, proving that any compact 
complex surface with odd first Betti number admits a lcht structure. (See, e.g., [17, 22] for further results 
on lcK metrics for compact complex surfaces.) The following result provides examples of compact complex 
surfaces yielding a positive answer to Question 3.14. This is in accord with [17, Theorem 7]. In view of 
the recent results by V. Apostolov and G. Dloussky, this result follows from [11, Theorem 1.1]. 

Theorem 3.16 (see also [17, Theorem 7] and [11, Theorem 1.1]). Let X be a compact complex surface 
diffeomorphic to a solvmanifold. Then X admits lcht structures. Except in the case of Inoue surface of 
type with q ^ 0, then X admits also lcK structures. 


class 

conditions 

dp 1 

dp 2 

complex torus 


0 

0 

hyperelliptic surface 


-\p 12 + \p 12 

0 

Inoue surface Sm 

a£t \ {0},/3 £ R 

a-ip ,„12 a-i/3 ,.12 

2i r 2 i r 

— i ap 22 

primary Kodaira surface 


0 


secondary Kodaira surface 


-5^ 12 +^ 12 


Inoue surface 5 ± 

q £ R 

Ti V 12 + Ji T 21 + q i T 22 

^ 22 


Table 1. Structure equations for the compact complex surfaces being diffeomorphic 
to 4-dimensional solvmanifolds, with respect to a left-invariant co-frame {yd,:/? 2 } of 
(l,0)-forms, as classified by K. Hasegawa in [44]. 


Proof. Consider a left-invariant co-frame of (l,0)-forms. We recall in Table 1 the structure 

equations with respect to such co-frame, as in [44, Theorem 1], Denote by g the associated Lie algebra. 
Since the natural map H 1 (g) —> Hj R (X; R) is always an isomorphism, see, e.g., [4, Theorem 4.1], we 
can use Lemma 3.6 in order to reduce the computations to left-invariant lcht structures. More precisely, 
consider the left-invariant real 2-form 

= i A ipff 3 + i B (p 22 + ^D — D + [l p 12 + L > 

where A, B £ R and D, L £ C. (As a matter of notation, we shorten, e.g., p 12 := p 1 A p 2 .) The condition 
that 12 tames the complex structure is shown to be equivalent to 

r A > o 

\ B > 0 

{ AB > \D\ 2 
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Consider the left-invariant real 1-form 


.122 


$ = ap 1 + bp 2 + ap 1 + bp 2 . 

We compute 

•& A 12 = (— i Ab — Da + La) p 12 ^ + (i B a — D b + Lb) p" 

+ (i Ab-Da + La) ip 112 + (- i B a - D b + L b) p 212 . 

We study each case in the classification by [44, Theorem 1] separately. 

Torus. The torus, which has structure equations 

dp 1 = dp 2 = 0 , 

clearly admits a Kahler structure. 

Hyperelliptic surface. The hyperelliptic surface is characterized by the structure equations 

dp 1 = -*p 12 +*p 12 , dp 2 = 0. 

It clearly admits a Kahler structure. More precisely, an explicit computation gives 


dO = -i (D + L ) p 122 - \ (.D + L) 




.212 


= -V 2 +V 2 -V 1 - - P 

2 ^ -r 2 V 2 V 


2 2 

We compute 

.12 , a ,£,12 

In particular, the condition d i? = 0 is equivalent to 

a = 0 . 

The condition d,j 12 = 0 with cl i) = 0 is equivalent to 

J -i46 = 0 

[ -Db + Lb = -\{D + L) 

In particular, it admits both gcK structures, with 

^4 > 0, B > 0, D = L = 0 and a = b= 0 , 
and gcht structures, with 

A > 0, B > 0, D = —L, AB > |D| 2 and a = b = 0 . 

Inoue surface Sm- The Inoue surfaces of type Sm are characterized by the structure equations 

i 2 -22 

dp = —lap , 


, i -i/3 _ 
i <P = n . V - 


i 1 = ^ ,.12 a 1 P .12 




2 i ^ 2 i 

where a £ R. \ {0} and /3 £ R. An explicit computation gives 


clf2 = (a4) p 12l + ^^ (~/3 + ia) p 122 + (aA) p™-^±± { p + ia ) p 2 ™ 


We compute 


di? = 


a — i i 


■ a p 


.12 


a — i/3 X 2 a -T i/3 


a + i, 


J ^ ■ 1 y — 21 r>- DC 22 ct -r i p _ 12 

a p -—— a p — 2 i a Reo p -— — 


2i 2 i 2 i 

In particular, since a £ ffi. \ {0}, the condition di9 = 0 is equivalent to 

a = Reb = 0 . 

The condition d^ 12 = 0 with d i? = 0 is equivalent to 

( — i Ab = a A 

{ -(D + L) b = (-/3 + ia) 

Hence it admits both lcK structures, with 

A > 0, B > 0, D = 0, L = 0, and a = 0, b = i a 
and lcht structures, with 

4>0, B> 0, AB > |Z2| 2 , L=-D, 
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■ dtp 


and a = 0, b = i a . 











Primary Kodaira surface. The primary Kodaira surface is characterized by the structure equations 


An explicit computation gives 


dtp = 0, cl ip = - • 


an = -§v ,2i -§ v m 


We compute 

d$ = i Refold* . 

In particular, the condition cl $ = 0 is equivalent to 

R eb = 0 . 

The condition d^ Q = 0 with cl •& = 0 is equivalent to 

f —i Ab—Da + La = —- 
\ i Ba- (D + L) b = 0 
In particular, it admits both lcK structures, with 

A > 0, B > 0, AB > \D\ 2 , L = 0, and a = — 

and lcht structures, with 

A > 0, B > 0, AB > \D\ 2 , L £ C, and a 


BD 


2 (AB - \D\ 2 )' 
B (D + L) 


b = — 


i B 2 


b =- 


2(AB-\D\ 2 ) ’ 
i B 2 


2 (AB — \D\ 2 + \L\ 2 ) ’ 2 (AB — \D\ 2 

Secondary Kodaira surface. The secondary Kodaira surface is characterized by the structure equations 


dip 1 = ‘P 12 + \ ( fi 12 , dip 2 = ^<P U - 


An explicit computation gives 


JO ^ ,„121 D + L 122 B 112 D + L 212 

CIO = --V --2-P -jV -~2- 


ip 


We compute 


di? = -“ip 12 + iRebip n +“ip 12 -“ip 2l -“ip 12 . 


In particular, the condition d d = 0 is equivalent to 

a = Re& = 0 . 

The condition d^ fl = 0 with cl i? = 0 is equivalent to 


-i Ab = -1 


[ ~{D + L)b = 

In particular, it admits both lcK structures, with 

B i 

A > 0, B > 0, D = L = 0, and a = 0, b=— 

Z 


and lcht structures, with 

A > 0, B> 0, AB > \D\ 2 , L = —D, 


B i 

and a = 0, b = — —— . 

2 A 


Inoue surface «S . The Inoue surface of type is characterized by the structure equations 

i l 1 12 , 1 21 , 22 1 2 1 22 

iV = 2i V + 2 + + Y V ’ d *’ = 2+ ’ 

where gSK. An explicit computation gives 

cl O = — ip 121 + - (i (L + D) + A q) ip 122 + — ip 112 + - (— i (Z + D) + A q) ip 212 . 


We compute 


dtf = £ £ ip 21 + i (q Rea R eb) ip 22 - £ 


In particular, the condition d d = 0 is equivalent to 

a = Refo ■ 0 . 


+ \L\ 2 ) ' 
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The condition d$ 12 = 0 with cl i) = 0 is equivalent to 


-i Ab = f 


— (D + L) b — ^ (i (L + Z2) + Aq^ 


In particular: 

• in the case q = 0: it admits both lcK structures, with 

A > 0, B > 0, AB > \D\ 2 , ReD = 0, L = 0, and a = 0, b = 
and lcht structures, with 

A > 0, B > 0, AB > \D\ 2 , L=—ReD, and a = 0, b = 


2 ’ 


2 ’ 


in the case q ^ 0: it does not admit any lcK structure, (the equation Aq = —2 i ReD yielding 
A = 0 that is not admissible,) but it admits lcht structures, with 


A > 0, B > 0, AB > \D\ 2 , L=-ReD+^Aq, 
This concludes the proof. 


and 


a = 0, 


b= - . 
2 


n 


3.4. Locally conformal holomorphic-tamed structures on 6-dimensional solvmanifolds with 
invariant complex structures with holomorphically trivial canonical bundle. In the direction 
of Question 3.14, we investigate the class of 6-dimensional solvmanifolds obtained in [34], see also [63]. 
More precisely, the 6-dimensional unimodular solvable Lie algebras admitting a linear complex structure 
and a non-vanishing d-closed (3,0)-form are classified up to isomorphisms in [34, Theorem 2.8], and 
the moduli of left-invariant complex structures on the corresponding solvmanifolds are classified in [34, 
Theorem 3.10]. In a sense, such complex structures are a very first generalization of left-invariant complex 
structures on nilmanifolds. Furthermore, they provide interesting examples of solvmanifolds satisfying 
the dd-Lemma. 

These complex structures on Lie algebras are divided into seven classes. By considering a basis 
{w 1 , w 2 , w 3 } of the (l,0)-forms, we recall in Table 2 the associated structure equations. (As a matter of 
notation, here and in the following, we shorten, e.g., to 12 := w 1 A to 2 .) Compare also [34, Proposition 3.3, 
Proposition 3.4, Proposition 3.6, Proposition 3.7, Proposition 3.9, Theorem 3.10]. 


class 

conditions 

dw 1 

da; 2 

da; 3 

class (1) 

A — cos 6 + isin#, 

0 e [0,7r) 

Alj 13 + Auj 13 

-A a; 23 — A a; 23 

0 

class (2) 

9 > 0 

0 

-| u i3 -(i+ S i) w i3 + S i U 31 

1 , ,12 1/^1 i 'N - .12 1 i , 

2 W +(2~IiJ W +4^ 

class (3) 

.A €E C, ( 7i2 € C, (Til € M, (722 € R, 
ReAtJu — 0, ReA(722 — 0, lmA(Ji2 — 0, 
|A| = 1, ((Til, (722,^12) 7^ (0,0,0) 

Auj 13 + Au 13 

-Auj 23 - Auj 23 

<7n uj 11 + (7i2 h; 12 + di2 a; 2i + (T 22 w 22 

class (4) 

ImA^ 0 

—{A — i) io 13 - (A + i)w 15 

(A- i) w 23 + (A + i) w 23 

0 

class (5) 
class (6) 

e = 0 
£= 1 

2 i a; 13 + cj 33 

-2i a; 23 + ea; 33 

0 

class (7) 


-w 35 

i , .21 , 1 , ,13 1 i , ,12 
- 2 w + 2 U +2 W 

i . ,31 i , ,13 

2 W “ 2 W 


Table 2. Structure equations for the seven classes of linear complex structures on 
6-dimensional solvable Lie algebras admitting a non-vanishing d-closed (3, 0)-form, with 
respect to a co-frame {w 1 ,w 2 ,w 3 } of (l,0)-forms, as classified in [34], see also [63]. 


In [34, 63], some results on Hermitian metrics and cohomological properties of the above solvmanifolds 
with left-invariant complex structures are studied. We prove here the following result, on the existence of 
lcht and lcK structures. 

Theorem 3.17. Consider the left-invariant complex structures on 6-dimensional solvmanifolds with 
holomorphically trivial canonical bundle as classified in [34], see also [63]. According to that classification, 
they are divided into seven classes, see Table 2. 

• The complex structures in class (1) admit a linear lcht structure if and only if they admit a 
linear lcK structure if and only if A = i. 

• The complex structures in class (3) admit a linear lcht structure if and only if they admit a 
linear lcK structure if and only if A £ {i, — i}. 
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U jhk 

Aft 



dft 






class (1) 

class (2) 

class (3) 

class (4) 

classes (5) and (6) 

class (7) 

conditions 


A = cos 9 + i sin 0 , 

9>0 

A £ C,<Ti2 £ C, a 11 £ R, 022 £ R, 

ImA 7^ 0 

££{0,1} 




9 £ [0, 7T) 


ReAcrn = 0, ReAo’22 = 0, ImAo^ = 0, 

l-^l = 1,(011.^22,012) + (0,0,0) 




d0 = O 


a = 0, b = 0 

6 = 0,c = 0 

a = 0,6 = 0, c = c 

a = 0, b = 0 

a = 0,6 = 0 

a = a, 6 = 0, c = 0 

123 

cL + aN - bM 

0 

0 

0 

0 

0 

0 

12l 

—au + aL — i br 2 

0 


—CT12M + 011N + 0122 — 01111 

0 

0 

2 L + 

122 

i as 2 + bL — bu 

0 

^N+iv-iv 

-gs 2 + ±t 2 

—022 M + 012-/V + 0222 — 012« 

0 

0 

0 

123 

cL + av — bz 

0 

0 

0 

0 

in 

131 

aM — az — i cr 2 

2ReAir 2 

-\gL-(\-\g)u + \u 

2ReAir 2 — 011 i£ 2 

—2(ReA — i) ir 2 

—2 r 2 

— ^M + ^u + IjZ 

132 

—av + bM — cu 

2lmAin 

-b 2 -^ 

2lmAin — 012 it 2 

—2lmAin 

2i u 

in 

133 

cM + i at 2 — cz 

-MA + zA 

(l + i g)N - \v-\gv 

-MA + zA 

(A - i )M - (A - i )z 

—eL + ir 2 + eu + 2iz 

-\N-ir 2 

231 

aN — bz-\- cu 

21mA in 

-(I 

2lmAiu — 012 it 2 

-21mA iii 

2in 

y 2 

232 

bN — bv — i cs 2 

—2ReAis 2 

0 

—2ReAis 2 — 022 i t 2 

2(ReA — i) is 2 

2s 2 

0 

233 

cN + i bt 2 —cv 

NA-vA 

0 

NA-vA 

—(A + i)N + (A — i)v 

L — u + e i s 2 

—L + u 

112 

i br 2 + aL — au 

0 


012 2 — 0nn — (T12M + 011JV 

0 

0 

^u — y 

113 

aM — az + i cr 2 

—2ReAir 2 

\ u ~ (3 + i 9 )u + igL 

—2ReAir 2 + 0n it 2 

2(ReA + i) ir 2 

—2r 2 

—12 + |n+ 

123 

bz — cu — aN 

-2lmAiu 

(i+i d^+bfy* 2 

—21mA in + 0 i2 i£ 2 

2lmAiu 

—2i« 

-i s2 

212 

—bu + bL — i as 2 

0 

-b-fy + 

0222 — 012?I — 022 M + 012 N 

2lmAin 

0 

0 

213 

—cu + bM — av 

—2lmAiu 


— 2lmAiu + 012 it 2 

0 

— 2 iu 

— in 

223 

i cs 2 — bv + bN 

2ReA is 2 

0 

2ReAis 2 + 022 it 2 

—2(ReA + i) is 2 

2s 2 -2in 

0 

312 

—bz + av + cL 

0 

-gs 2 - jt 2 

0 

0 

0 

— in 

313 

cM — cz — i at 2 

Az - AM 

igo—i»+(§—is)JV 

Az - AM 

—(A + i)z + (A — i)M 

— i r 2 + eu — 2 i z — eL 

ir 2 -lW 

323 

i bt 2 + cv — cN 

-Av + AN 

0 

—Av + AN 

(A + i)v — (A — i)N 

—u — eis 2 + 2 \v + M 

u — L 

123 

bM-cL- aN 

0 

0 

0 

0 

0 

0 


Table 3. Components of $Af l and d ft for the linear complex structures on 6 -dimensional 
solvable Lie algebras admitting a non-vanishing d-closed (3,0)-form as studied in [34], 
see also [63]. (See proof of Theorem 3.17 for notations.) 


• The complex structures in classes (2), (4), (5), (6), (7) do not admit either any linear Icht 
structure or any linear IcK structure. 

Proof. As a matter of notation, consider the real 2-form 

ft = (i^w^ + isV^ + it 2 ^) 


+ I UUJ 12 — ULO 21 


M 


voj 23 - vco 32 


) + ( 


zlo 13 -zco 31 


+ ( Lto 12 + Mlo 13 + Nlo 23 ) + (Luo 12 + Mlo 13 + Aw 23 ) , 

where L , M, N £ C, and r,s,t £ R and u, v, z £ C satisfy, [73, page 189], 
r > 0, s > 0, t > 0, rs > |u| 2 , st>\v\ 2 , rt>\z\ 2 , rst + 2Re(i uvz) > f|u| 2 + 7'|n| 2 + s|^| 2 . 
Consider also 

d = a oj T b uj~ T coj 3 T auj T buj~ T cuj 3 

where a,b,c £ C. 

We summarize the components of d A ft and of d 0 for the each of the seven classes in Table 3. We recall 
that the existence of lcht structures is equivalent to solve the equation d ft = d A ft in s, f, u, v, z, a, b , c 
satisfying the conditions above. We may further assume d'd = 0. Hence we consider now these equations 
for each case separately. 

Class (1). By matching the coefficients of w 131 , we get c = — 2ReA. By matching the coefficients of 
ui 232 , we get c = 2ReA. Hence ReA = 0. In fact, A = i. In this case, the coefficients of oc 132 , w 133 , and 
to 233 give u = 0, M = z, N = v, respectively, and the system reduces to these equations. In particular, 
for the complex structures with A = i in class (1), there exists both lcht and IcK structures. 

Class (2). By matching the coefficients of w 132 , we get i s 2 + j^t 2 = av. Hence a / 0. Therefore, by 
matching the coefficients of w 123 , that is, aN = 0, it follows that N = 0. Consider the coefficients of w 231 : 
we get — (7 — i < 7 ) i s 2 — it 2 = aN = 0. Since Im (| — i < 7 ) i s 2 — it 2 ^j = — |s 2 — |f 2 fy 0, we 
get an absurd. Therefore there exists no lcht structure for the complex structures in class (2). 

Class (3). By the conditions on the parameters, two cases may occur. 

• Assume ImA 7 ^ 0. Then er 12 = 0. Since (dn, d 12 , d 22 ) 7 ^ (0,0,0), then either or d 22 is 
non-zero. It follows that ReA = 0. In fact, A £ {i, — i}. By matching the coefficients of w 131 , we 
get c = dii 72 £ R- By matching the coefficients of w 232 , we get c = d 22 j 2 £ R- By matching 
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the coefficients of w 132 , w 133 , and w 233 , we get, respectively, u = 0, z = M, v = N. By matching 
the coefficients of w 123 , we get L = 0. The system reduces to these equations. 

• Assume ImA = 0. Then an = 0 and cr 2 2 = 0. By matching the coefficients of w 131 and w 232 , we 
get, respectively, c = —2ReA and c = 2ReA. Hence it follows ReA = 0. This is absurd, therefore 
there is no lcht structure in this case. 

Class (4). By matching the coefficients of w 131 and w 232 , we get, respectively, c = 2(ReA — i) and 
c = — 2(ReA — i). Hence it follows ReA — i = 0. This is absurd, therefore there is no lcht structure in this 
case. 

Classes (5) and (6). By matching the coefficients of w 131 and w 232 , we get, respectively, c = —2i 
and c = 2i. This is absurd, therefore there is no lcht structure in this case. 

Class (7). By matching the coefficients of w 122 , we get a is 2 = 0. Hence a = 0. But then, by matching 
the coefficients of w 231 , we get ^s 2 = 0. This is absurd, therefore there is no lcht structure in this case. 

This concludes the proof. □ 

Summarizing, we have the following result, which provides a further class yielding a positive answer to 
Question 3.14, namely, invariant structures on the solvmanifolds studied in [34], see also [63]. 

Corollary 3.18. Let X be a 6- dimensional solvmanifold endowed with a left-invariant complex structure 
with holomorphically trivial canonical bundle. Then, X admits a linear lcht structure if and only if it 
admits a linear IcK structure. 
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